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The purpose of this paper is to develop a homogeneous, orthotropic couple-stress continuum model to
take the place of the periodic heterogeneous cellular solids. Through generalizing the deﬁnition of the
characteristic length for isotropic couple-stress continuum, four characteristic lengths are introduced
as material engineering constants for such kind of continuum. In order to determine the effective moduli
and the characteristic lengths of the effective couple-stress continuum, a Representative Volume Element
(RVE) method is constructed. The effective properties are obtained based on the response of the RVE
under prescribed boundary conditions, and our results agree with the analytical solutions in literature.
In addition, the inﬂuences of the relative density, the topology, the size, and the properties of the solid
material of cellular materials on the effective moduli as well as the characteristic lengths are discussed,
respectively. Furthermore, the size effects in cellular solid beams are investigated using our effective cou-
ple-stress continuum model. The results show that the developed continuum model in this paper can
precisely capture the size effects in cellular solids.
 2009 Elsevier Ltd. All rights reserved.1. Introduction
Cellular solids are widely used in lightweight structural sand-
wich beams, panels, or in energy-absorbing and heat transferring
devices. Thus, their effective mechanical properties have attracted
signiﬁcant attention (Gibson and Ashby, 2003). Generally, those
effective properties can be predicted by computational methods
on the analysis of microstructures of cellular solids, including the
homogenization method, the RVE method and other methods. It
should be noted that the above mentioned methods are mostly
based on the classical continuum mechanics theory. This kind of
classical theory holds an assumption that the size of the micro-
structure (such as grains and particles) is much smaller than that
of the macrostructure or, more precisely, than the wavelength of
the mechanical loading. However, when the considered structure
has a comparable size with the microstructure, such an assumption
will not make sense any longer. As a result, the predicted effective
mechanical properties can not describe the properties of the cellu-
lar solids precisely, and the analytical results based on this effec-
tive model can not mimic the structural response correctly. In
other words, remarkable size effects are observed in this case.
In fact, the size effects can be classiﬁed into two categories. The
ﬁrst one arises from the edge effect which relates to an incomplete
or damaged cell layer located on the surface of the specimens. For
example, Brezny and Green (1990) as well as Onck et al. (2001) ad-
dressed that the effective Young’s modulus and the compressivell rights reserved.
9.strength of some cellular materials show dramatic decrease when
the size of the specimen decreases. The second one, named Coss-
erat effect or micropolar effect, arises from the violation of the clas-
sical mechanical assumption. For example, Burgueno et al. (2005);
Dai and Zhang (2008) found that the ﬂexural rigidity of the multi-
layered sandwich beams can not be obtained correctly by the clas-
sical homogenization method when the base cell of the cellular
materials has a considerable dimension relative to the structural
size, and this effect decreases rapidly with the size reduction of
the base cell. In fact, both the edge effect and the micropolar effect
are usually present simultaneously and it is possible to observe
weakening or strengthening behavior depending on which one is
more dominant (Anderson and Lakes, 1994; Tekoglu, 2007).
Those two kinds of size effects should be studied in different
ways since they are caused by different reasons. The edge effect
can be explained and simulated based on the classical mechanics
theory and the results agree with the measured values (Brezny
and Green, 1990; Andrews et al., 2001). However, the micropolar
effect seems difﬁcult to explain through the conventional theory.
The classical continuum theory adopts the assumption that the
interaction between any two continuum particles across an ele-
mentary area lying within the body occurs solely through the force
traction. As a result, it lacks internal moment interactions and any
intrinsic length scales, and hence, effectively presents just a ﬁrst-
order approximation to a number of problems with microstruc-
tures (Jasiuk and Ostoja-Starzewski, 1995). Therefore, it cannot
fully illustrate the micropolar effect behavior. One way to deal with
these size effects is to explicitly model the discrete microstructures
morphology. This discrete model agrees well with the experiments.
Fig. 1. Rectangular components of stress and couple-stress.
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pense for complex microstructures. Another way is to smear or
homogenize the heterogeneity of cellular solids and to replace
equivalently the cellular solids by some generalized continuums,
such as the micropolar continuum or the couple-stress continuum
(Diebels, 2002; Tekoglu, 2007; Tekoglu and Onck, 2008). Since
many comprehensive studies have been performed to elucidate
the nature of the edge effect (Brezny and Green, 1990; Onck
et al., 2001; Andrews et al., 2001; Tekoglu and Onck, 2008), the
chief aim of the present work is to discuss the micropolar effect.
In the following we shall refer to the size effect mainly as the
micropolar effect.
The high order continuum theory, which covers the microscopic
properties of the material, can interpret the size effect and the
localization of deformations due to the non-homogeneity (Fleck
et al., 1994; Eringen, 1999). Among them, the micropolar theory
(also named Cosserat theory), established by Cosserat brothers in
1909, and further developed by Mindlin (1963); Toupin (1964)
and Eringen (1966), was ﬁnally extended to the micropolar theory
by Eringen and other scholars (Eringen, 1966, 1999). In this theory,
each point has six degrees of freedom of a rigid body, i.e. it is capa-
ble of displacements and rotations, which are generally indepen-
dent functions of position and time. Thus, the interaction
between the continuum particles through a surface element occurs
not only through a force vector, but also through a moment vector.
Special attention should be paid to the couple-stress theory (Mind-
lin, 1963), or a Cosserat pseudo-continuum in terminology of Now-
acki (1986), since it has been widely used in the description of size
effects (Fleck et al., 1994). In the couple-stress theory, the rotations
are not independent but, rather, fully described by the displace-
ments, just like in the classical elasticity theory.
While capable of grasping the microstructural information bet-
ter, the main challenge for the high order continuum approach is to
determine the corresponding constitutive constants, which are
hard to measure experimentally (Lakes, 1986). In fact, there is a
long-standing debate among the solid mechanics community con-
cerning the possibility of predicting micropolar behavior from clas-
sical materials containing heterogeneities or microstructures (see
Bigoni and Drugan, 2007 and references therein). In literatures,
several homogenization methods are proposed to obtain these con-
stitutive constants for the micropolar theory. For the lattice frame-
works or grid materials, the effective constitutive constants are
mostly derived through the equivalent strain energy methods (Per-
ano, 1980; Chen et al., 1998; Kumar and McDowell, 2004) or the
averaging methods (Bazant and Christensen, 1972; Onck, 2002).
For the multiphase composite materials, the effective moduli are
mostly obtained by the structural response analysis (Hutapea
et al., 2003) or the strain energy equivalence (Dendievel et al.,
1998; Forest, 1998; Forest et al., 2000) of the RVE under different
boundary conditions. Besides, Tekoglu and Onck (2005); Mora
andWaas (2007), used the ﬁtting technique to determine the effec-
tive constants, respectively.
Although the couple-stress theory is considered as a special
case of the Cosserat theory (Cowin, 1970), there are still some
problems in the transition between them (see Appendix A for a
brief summary). Accordingly, plenty of studies have been under-
taken to homogenize the heterogeneous composite material as
the couple-stress continuum. Similar to the case of the micropolar
continuum homogenization, the averaging method (Banks and
Sokolowski, 1968; Adachi et al., 1998) and the strain energy based
RVE method (Ostoja-Starzewski et al., 1999; Bouyge et al., 2001;
Bouyge et al., 2002) are still the most popular approaches. Among
those researches, Ostoja-Starzewski and his collaborators dis-
cussed the effective couple-stress moduli and the orthotropic char-
acteristic length of two-phase composites with different stiffness
mismatches by the RVE methods. A number of valuable resultswere shown in their work. Unfortunately, these results cannot be
reduced to the classical continuum when the mismatch is disap-
peared for the two-phase composite materials (see Appendix A of
Bigoni and Drugan, 2007). In the recent study, Bigoni and Drugan
(2007) analytically investigated the effective couple-stress proper-
ties of the composite materials with dilute suspension spherical
and circular cylindrical inclusions and provided the characteristic
length in a closed-form. On the other hand, cellular materials, used
as lightweight structures, usually have large porosities (Gibson and
Ashby, 2003). In other words, most cellular materials can not be
considered as the dilute inclusion composite materials. Hence, it
is necessary to look for another effective homogenization method
to mimic the high order mechanical behaviors of the cellular
materials.
In this paper, we model the heterogeneous cellular materials as
couple-stress continuum with effective constitutive constants and
recommend the corresponding boundary conditions to derive the
effective constitutive stiffness components. Since the characteristic
length is an important parameter in the couple-stress theory, we
generalize the deﬁnition of that parameter to orthotropic contin-
uum in terms of engineering constants. Compared with available
data in literature, the present results are in good agreement with
the analytical solutions. On this basis, we analyze the size effect
in the beam structures and explore the natural explanations.
2. Introduction to couple-stress theory
2.1. Basic equations
In this paper we focus on the ﬁrst planar problem with
u ¼ ðu;v ;0Þ and / ¼ ð0;0;/Þ, which is a generalization of the clas-
sical in-plane elasticity (Nowacki, 1986). The stress (which is sym-
metric in classical elasticity but is asymmetric here) has four
components rx;ry; sxy; syx, and the couple-stress (or moment per
unit area) has two components mxz;myz (Fig. 1).
Correspondingly, in addition to the strain components ex; eyand
cxy, there are also curvature components jxz and jyz produced by
the couple-stress. The deformation equations (Mindlin, 1963) are
ex ¼ @u=@x; ey ¼ @v=@y; cxy ¼ @u=@yþ @v=@x;
jxz ¼ @/=@x; jyz ¼ @/=@y ð1Þ
It should be noted that the rotation / is equal to the local rigid rota-
tion, e.g.
/ ¼ xz ¼ ð@v=@x @u=@yÞ=2 ð2Þ
Two equations of compatibility of curvatures and strains should be
satisﬁed.
jxz ¼ 12
@cxy
@x
 @ex
@y
jyz ¼ @ey@x  12
@cxy
@y
8<
: ð3Þ
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rium are given as
@rx=@xþ @syx=@y ¼ 0; @sxy=@xþ @ry=@y ¼ 0;
@mxz=@xþ @myz=@yþ sxy  syx ¼ 0 ð4Þ
Eq. (4) implies that the shear stress sxy does not need to be equal to
syx in the couple-stress theory. Mindlin (1963) suggested resolving
sxy and syx into a symmetric part sS and an anti-symmetric part sA.
sS ¼ ðsxy þ syxÞ=2; sA ¼ ðsxy  syxÞ=2 ð5Þ
The symmetric part of the shear stress produces the usual shear
strain cxy, while the anti-symmetric part tends to produce a local
rigid rotation. Thus, the constitutive equation can be expressed
as
rx ry sS mxz myzf gT ¼
C F
FT D
 
ex ey cxy jxz jyz
 T
ð6Þ
where the stiffness matrix C is the same with that of the classical
material and the matrix D denotes the bending stiffness of cou-
ple-stress continuum. Especially, for the orthotropic material, the
coupling term F vanishes. For the sake of simplicity, the uniform
periodic cell structures considered here are centrally symmetric
and hence the components of the coupling term F are identically
zero. Thus, the constitutive equations can be expressed in the fol-
lowing uncoupling form.
rx
ry
sS
8><
>:
9>=
>;¼
C11 C12 0
C12 C22 0
0 0 C66
2
64
3
75
ex
ey
cxy
8><
>:
9>=
>;;
mxz
myz
 
¼ D11 0
0 D22
  jxz
jyz
 
ð7Þ
Furthermore, for the isotropic material, D11 ¼ D22 ¼ 4B.
2.2. Characteristic length
Mindlin (1963) deﬁned the characteristic length l of the isotro-
pic couple-stress continuum by
l ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2ð1þ vÞB=E
p
¼
ﬃﬃﬃﬃﬃﬃﬃﬃ
B=G
p
ð8Þ
where E is the Young’s modulus, G is the shear modulus and, m
is the Poisson ratio. For clarity, in the following we shall refer to
the various moduli as the couple-stress continuum moduli and
subscript them with their respect directions while the moduli
with the subscript ‘‘s” denote the moduli of the solid material.
For example, Ex will denote the Young’s modulus in the x-direc-
tion of the couple-stress continuum while Es will denote the
Young’s modulus of the solid material. l is an important param-
eter for the couple-stress continuum and it relies on the micro-
structure of material. l characterizes the bending property of the
couple-stress continuum. Particularly, for the classical contin-
uum, since the microstructures of material are ignored, l van-
ishes. In fact, the introduction of the characteristic length
makes it possible to explain the size effects for the couple-stress
theory. In addition, Bouyge et al. (2002) have proved that there
are multiple characteristic lengths for anisotropic materials and
present the deﬁnition in terms of constitutive compliance com-
ponents under the plain strain state. Nevertheless, as a parame-
ter of the couple-stress continuum, the characteristic lengths
should be independent of the stress state.
For the orthotropic materials, rewriting the constitutive equa-
tions (7) in the formof complianceandsubstituting themto thecom-
patibility equations (3), the following two equations will be
obtained.mxz ¼ l2Gx @@x ðsxy þ syxÞ  2l
2
Ex
@
@y rx  m21þm23m311þm21 ðrx þ ryÞ
h i
myz ¼ 2l2Ey @@x ry  m12þm13m321þm12 ðrx þ ryÞ
h i
 l2Gy @@y ðsxy þ syxÞ
8><
>: ð9Þ
where lGx; lEx; lGy; lEy are deﬁned by the following equations in terms
of the engineering constants.
lGx ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Bx=G
p
; lEx ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2ð1þ m21ÞBx=Ex
p
lGy ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
By=G
q
; lEy ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2ð1þ m12ÞBy=Ey
q
ð10Þ
and
Ex ¼ C11ð1 m12m21Þ; Ey ¼ C22ð1 m12m21Þ
m12 ¼ C12=C11; m21 ¼ C21=C22 ð11Þ
Bx ¼ D11=4; By ¼ D22=4
Eq. (9) has a similar form to that of Mindlin (1963) on the isotropic
couple-stress continuum. Thus, lGx; lEx; lGy; lEy denote the characteris-
tic lengths of the orthotropic couple-stress continuum.
It should be noted that the relationship of m13 ¼ m23 ¼ ms (Gibson
and Ashby, 2003) is used in the derivation of Eq. (10). From Eq.
(10), we ﬁnd that for the orthotropic couple-stress materials, there
are four different characteristic lengths while for the isotropic cou-
ple-stress materials, the four lengths have the same value as the
Eq. (8).
3. Boundary conditions on unit cell
The main goal of this section is to determine the effective
constitutive constants of couple-stress continuum from the re-
sponse of the RVE of the cellular materials. Since the cellular
materials considered in this paper are of periodic repetitions of
a basic cell, only one basic cell is taken as the RVE. We design
different boundary conditions for the determination of the differ-
ent components of the constitutive constants on a RVE domain
X with the boundary @X. Without loss of generality, the thick-
ness in z-axial is set to 1. In each case we force the unit cell
to bear the designed speciﬁc deformation with ex ey cxy

jxz jyzgT and compute, through the ﬁnite element method, the
total elastic strain energy Udisc stored in the unit cell under the
corresponding boundary conditions. The strain energy Ucont
stored in the effective homogeneous couple-stress continuum
can be obtained by the prescribed strain/stress ﬁelds. Thus the
components of the effective constitutive constants can be ob-
tained by Udisc ¼ Ucont .
To determine the components of the stiffness matrix C, we con-
struct the following four tests.
Test 1 (Horizontal uniaxial extension test for C11): apply the unit
strain to the RVE
ex ¼ 1; ey ¼ cxy ¼ 0; jxz ¼ jyz ¼ 0; in X ð12Þ
The corresponding boundary conditions are
u ¼ x; m ¼ 0; on @X ð13Þ
Then it follows that
C11 ¼ 2Udisc=V ð14Þ
where V is the volume of the RVE.
Test 2 (Vertical uniaxial extension test for C22): apply the unit
strain to the RVE
ex ¼ cxy ¼ 0; ey ¼ 1; jxz ¼ jyz ¼ 0; in X ð15Þ
The corresponding boundary conditions are
u ¼ 0; m ¼ y; on @X ð16Þ
Then it follows that
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Test 3 (Biaxial extension test for C12): apply the unit strain to the
RVE
ex ¼ ey ¼ 1; cxy ¼ 0; jxz ¼ jyz ¼ 0; in X ð18Þ
The corresponding boundary conditions are
u ¼ x; m ¼ y; on @X ð19Þ
which follows that
C12 ¼ ð2Udisc=V  C11  C22Þ=2 ð20Þ
Test 4 (Shearing test for C66): apply the unit strain to the RVE
ex ¼ ey ¼ 0; cxy ¼ 1; jxz ¼ jyz ¼ 0; in X ð21Þ
The corresponding boundary conditions are
u ¼ y=2; m ¼ x=2; on @X ð22Þ
It yields that
C66 ¼ 2Udisc=V ð23Þ
To determine the components of the stiffness matrix D, we need to
construct the following two bending tests.
Test 5 (Bending test for D11): apply the prescribed strain/stress
ex ¼ y; ry ¼ 0; cxy ¼ 0; jxz ¼ 1; jyz ¼ 0; in X ð24Þ
The corresponding boundary conditions are
uj@X ¼ xy; mjy¼0 ¼ x2=2 ð25Þ
It follows that
D11 ¼ 2 Udis 
Z
1
2
Ex  y2dV
	 

V ð26Þ
Test 6 (Bending test for D22): apply the prescribed strain/stress
ry ¼ 0; ey ¼ x; cxy ¼ 0; jxz ¼ 0; jyz ¼ 1; in X ð27Þ
The corresponding boundary conditions are
ujx¼0 ¼ y2=2; mj@X ¼ xy ð28Þ
It follows that
D22 ¼ 2 Udis 
Z
1
2
Ey  x2dV
	 

V ð29Þ4. Couple-stress continuum beam
Consider a straight beammade of couple-stress continuumwith
height H and thickness 1, which subject to the pure bending load
(Fig. 2). The moment equilibrium in the cross-section of the beam
yields
M ¼ 
Z
A
yrxdAþ
Z
A
mxzdA ð30Þ
If the plane assumption for the deformation of cross-section is used,
thenFig. 2. Sketch of couple-stress beam bearing pure moment.rx ¼ Exyjxz þ rxjy¼0 ð31Þ
The Eq. (30) becomes
M ¼ ðExIz þ D11AÞjxz ð32Þ
where Izð¼
R
A y
2dA ¼ H3=12Þand A are the moment of inertia and
the area, respectively, of the beam’s cross-section. Thus the ﬂexural
rigidity of the couple-stress continuum beam D is deﬁned as
D ¼ ExIz þ D11A ð33Þ
Eq. (33) has the same form as the micropolar continuum beam
(Huang et al., 2000), where the ﬁrst term denotes the ﬂexural rigid-
ity of the classical continuum while the second term denotes the
modiﬁcation of the couple-stress continuum beams.
Here we present a brief illustration of the Eq. (33). The ﬁrst term
ExIz, which is the same as the ﬂexural rigidity of a beam with clas-
sical material, denotes the bending stiffness generated by the aver-
aged properties of material on the section. While the second term,
D11A, takes the microstructure effects into account. When the
height of the beam, i.e. the macro-size, is much larger than the size
of the microstructure, the bending stiffness is dominated by the
ﬁrst term while the second one can be neglected, such as the clas-
sical continuum beam. However, that neglect will lead to errors
when the beam has a considerable scale with the microstructures.
For instance, a box beam (Fig. 3) is tackled that is one of the sim-
plest cellular beams with only one square hole in its section. From
the view of the conventional beam theory, the ﬂexural rigidity is
computed by the following equation.
EI ¼ Ex
12
b1H
3
1 ð34Þ
where
Ex ¼ Es 1 H2b2H1b1
	 

¼ Es qqs
ð35Þ
q=qs is the relative density of the cellular material. On the other
hand, the real bending stiffness D of the cellular beam can be
obtained directly by
D ¼ Es b1H
3
1  b2H32
12
ð36Þ
Thus from Eqs. (34)–(36), one may ﬁnd
D > EI ð37Þ
In fact, the second term D11A of Eq. (33) introduces a modiﬁcation
into Eq. (34), which contains no information on microstructure.
Thus the couple-stress beam theory has higher accuracy than the
classical beam theory.
Deﬁne a couple-stress effect factors d by
d ¼ D11A=ExIz ð38Þ
Thus, d represents the relative error between the theory of the cou-
ple-stress continuum beam and that of the classical continuum.
Large d corresponds to a large effect of couple-stress while for the
classical continuum, d vanishes.Fig. 3. Sketch of a beam with square hole in its section.
S. Liu, W. Su / International Journal of Solids and Structures 46 (2009) 2787–2799 27915. Results and discussions
5.1. Moduli and characteristic lengths
The factors affecting the effective properties of cellular materi-
als include the material volume fraction, the size and topology of
microstructures and, the property of the solid material. Since the
property of the solid material affects the effective properties line-
arly, the solid materials are all chosen as alumni alloy with Young’s
modulus Es ¼ 69 GPa and Poisson’s ratio ms ¼ 0:33. Above all, the
relative density q=qs that denotes the material volume fraction,
is the most important character of a cellular material. The material
with high relative density can be considered as solid material with
discrete voids, such as the perforated plates (Fig. 4a and b). Actu-
ally, most cellular materials have the relative density less than
0.3, such as the grid materials (Fig. 4c and d) or the metal foams.
In this section, we computed the effective moduli and the charac-
teristic lengths of the cellular materials with high and low relative
densities, respectively. In a symmetric view, the relations of
C11 ¼ C22;D11 ¼ D22; lEx ¼ lEy, and lGx ¼ lGy among the components
of material constants are valid in our examples.
Consider two kinds of high relative density cellular materials
with circle and square voids, respectively (Fig. 4a and b). For sym-
metry, only 1/4 cell is dealt with. The computation is executed by
the ﬁnite element analysis using the four-node elements. Similar to
Bigoni and Drugan (2007), we use the void radius r to character the
material volume fraction instead of the relative density in this case.
It should be noted that for a square void, the radius r is chosen as
the radius of a circle with the same area as the square. The effective
moduli and the characteristic lengths are plotted as the functions
of the void radius, respectively (Figs. 5, 6), where the side length
of the base cell is set to 10 mm. The results show that the increase
of voids weakens the components of the stiffness matrix C that de-
notes the effective classical mechanical properties of cellular mate-
rials (Fig. 5a–c). However, as the radius increases, explicit peak
values arise from the bending modulus D11 and D22 (Fig. 5d).
Bigoni and Drugan (2007) have analytically proved that the di-
lute circle void cellular material can be homogenized as an isotro-
pic homogeneous couple-stress continuum with the characteristic
length l and l / r. We also plot those analytical solutions of the cir-
cle void cellular material in Fig. 6a. We ﬁnd that when the radius is
small, the effective homogeneous material is nearly isotropic and
the characteristic lengths approximately satisfy the equality
lE ¼ lG. The good agreement between our solutions and the analyt-
ical ones indicates that the present approach is effective and accu-
rate. Nevertheless, the analytical solution is based on the special
assumption and is only applicable to few problems with regular
boundary conditions. Generally, the dilute inclusion is only a ten-
tative assumption that is not always satisﬁed. When the radius is
larger than 1:5 mm in this example, great difference between the
two characteristic lengths emerges. At the same time, the charac-
teristic lengths are non-linearly dependent on the radius of ther L
(a)  (b) 
Fig. 4. Basic cells of common cellular materials. (a) circle void material; (b) squarvoids (Fig. 6). In fact the assumption of dilute inclusion is violated
in this case since the interactivity between the voids cannot be ig-
nored. On the contrary, our approach removes the limitation of the
assumption of dilute inclusions of the analytical solutions.
As we know, the couple-stress effects are pronounced when the
dimensions of the microstructures are comparable to that of the
macrostructures, while the couple-stress effects can be ignored
when the dimensions of the microstructures are small enough
(the material turns to the classical continuum). In Figs. 7 and 8,
we display the effective moduli and the characteristic lengths with
the decrease of the side lengths of the unit cells. In this example,
r=L, denoting the ratio of the void radius to the side length, remains
as 0.8 during the whole procedure. On the one hand, the classical
moduli keep unchanged as the side lengths decrease (Fig. 7a–c).
In fact, the classical continuum theory includes no inner length
scale; hence it cannot mimic the size effects. On the other hand,
the bending moduli and the characteristic lengths decrease sharply
as the side lengths decrease (Fig. 7d and Fig. 8). When the size of
the microstructures was small enough, the bending moduli and
the characteristic lengths tend to zero. In other words, the internal
moment interactions and the intrinsic length scales are totally ig-
nored, and therefore, the couple-stress continuum is reduced to
the classical continuum.
For cellular materials with low relative densities, we elaborate
the effective properties of some grid materials which have the
relative densities less than 0.3. Here we show two common topol-
ogies, the square grid material and the mixed triangular grid
material. In this study, each cell wall is discrete as an Euler beam.
Taking the periodicity into account, the areas and inertia mo-
ments of the cross-section of those beams coincident with the cell
boundaries are set to be a half of the origin values. The moduli as
well as the characteristic lengths are plotted as functions of the
relative density (Figs. 9 and 10). Here the side length of the base
cell is ﬁxed at 10 mm, while the density is changed by different
wall thickness t. The moduli of these two grid materials are in di-
rect proportions to the relative density except the C66 of the
square grid material. In fact, the C66 of the square grid material,
i.e. the shear modulus, is dominated by the bending of the cell
wall while the other moduli of these two grid material are all
governed by the stretching of cell wall (Gibson and Ashby,
2003; Wang and McDowell, 2004). As a result, the C66 of the
square grid material is of cubic dependence on the relative den-
sity while the others are of linear dependence on the relative den-
sity. Thus, our results support the conclusions in the above
mentioned literatures.
Furthermore, from the deﬁnition of the characteristic lengths of
Eq. (10), the characteristic lengths of those two grid materials
should be independent of the relative density except for the lG of
the square grid material, which should be in a reciprocal propor-
tion to q=qs. Our results veriﬁed the above prediction (Fig. 10).
When the relative densities remain 0.2, the variations between
the effective moduli and the characteristic lengths of grid materialsL
t
(c) (d) 
e void material; (c) square grid material; (d) mixed triangular grid material.
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Fig. 5. Effective moduli versus the void radius. (a) C11 or C22; (b) C12; (c) C66; (d) D11 or D22.
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Fig. 6. Characteristic lengths versus void radius. (a) circle void material; (b) square void material.
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lyzed (Figs. 11 and 12). Similar to the case of high density cellular
materials, as the dimension of the microstructure decreases, the
effective classical moduli keep unchanged (Fig. 11a–c) while the
bending moduli and the characteristic lengths decrease sharply
(Fig. 11d and Fig. 12). Disappearance of the bending moduli and
characteristic lengthsmeans that the couple-stress continuumturns
into the classical continuumwhen the side length is small enough.
In fact, the present work is also applicable to the homogeniza-
tion of multiphase composite materials. In Appendix B, we com-
pute the effective couple-stress moduli of some two-phasecomposite material and compare the results with those obtained
in literatures.
There is no way to discuss the inﬂuences of the topologies of
base cells on the effective properties and characteristic lengths
precisely. However, from Figs. 5–12, different microstructures lead
to different macro material parameters both for high density and
for low density cellular materials.
On the contrary, we have to point out that there are also two
main limitations in our method. First, the present method can only
solve the problems with centrally symmetric microstructures. For
cellular materials with arbitrary anisotropic microstructures, it
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stiffness matrix B. Second, it is difﬁcult to extend the developed
method to the micropolar model that has its own rotation degrees
of freedoms independent of translations. Our method is based on
the effective strain energy method while it is hard to construct a
reasonable displacements ﬁeld to simulate the anti-symmetric
shear deformation and to compute the strain energy. Forest
(1998) once modeled a cluster of nine cells and applied a rotation
at the center cell to simulate the corresponding deformation while
this model lacks necessary proves.5.2. Results comparison
The homogeneous couple-stress moduli of the square grid
materials have once been derived through the averaging method
(Banks and Sokolowski, 1968; Adachi et al., 1998). After the com-
parison of our results with those in literature, we found that the
classical mechanical moduli in our results are identical with those
in literature while the couples-stress moduli (i.e. the stiff matrix D
and the characteristic lengths) are not in agreement with those
available in literature.
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2794 S. Liu, W. Su / International Journal of Solids and Structures 46 (2009) 2787–2799Furthermore, the accurate results of the square void cellular
material and the square gird material should coincide for r approx-
imately equal to L=2. Thus we compute the results of these two
kinds of cellular materials at relative density 0.15, 0.1 and 0.05,
respectively. Here the boundary length of the base cell L is set to
be 10 mm. The comparison of the data indicates that the results
obtained from the different models appear to be the same as the
relative density decreases (Fig. 13). These ﬁndings verify the valid-
ity and accuracy of our results.5.3. Size effects in multilayered cellular beam structures
The size effects of the multilayered cellular beams lie in that
when the beam height has the comparable scale with the micro-
structures, the ﬂexural rigidity cannot be computed by EI for the
classical beam theory, where E is the effective Young’s modulus
and I is the cross inertial moment. Only a brief description is gi-
ven here and more examples may refer to Dai and Zhang (2008).
Moreover, our motivation is to explain the mechanism of these
0 2 4 6 8 10
5
6
7
8
C
11
 /G
Pa
L /mm
 square grid
 mixed triangular grid
0 2 4 6 8 10
-0.5
0.0
0.5
1.0
1.5
2.0
2.5
C
12
 /G
Pa
L /mm
 square grid
 mixed triangular grid
(a) )b(
0 2 4 6 8 10
0.0
0.5
1.0
1.5
2.0
C
66
 /G
Pa
L /mm
 square grid
 mixed triangular grid
0 2 4 6 8 10
0
20
40
60
80
100
120
D
11
 /K
N
L /mm
 square grid
 mixed triangular grid
(c) )d(
Fig. 11. Effective moduli versus side length of unit cell of grid materials. (a) C11 or C22; (b) C12; (c) C66; (d) D11 or D22.
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of a multilayered cantilevered beam with a rectangular cross-sec-
tion (Fig. 14). For simplicity, the thickness b is engaged to be 1.
The beam is consisted of periodic unit cells of square or mixed
triangular grid materials, and each cell has side length of
L ¼ 10 mm and wall thickness t ¼ 1 mm. The grid materials are
both made of alumni alloy with Young’s modulus Es = 69 GPa
and Poisson’s ratio ms ¼ 0:33. The concentrated moment on the
end of the beam is set to be 1 and is applied by two concentrated
forces with same values and opposite directions on the two cor-ners of the right-end of the sample. We ﬁxed the aspect ratio of
the cantilevered beam at 20:1 and changed the height of beam
H consisting of different plies of cells. In order to eliminate the
edge effects, the areas and the inertia moments of the cross-sec-
tion of cell walls coincident with the beam boundaries are set to
be a half of the original values.
The maximum deﬂection of the beam is computed by
wmax ¼ Md
2
2D
ð39Þ
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Fig. 14. Sketch of multilayered cellular material beam.
2796 S. Liu, W. Su / International Journal of Solids and Structures 46 (2009) 2787–2799where D denotes the ﬂexural rigidity of the beam. For the classical
beams D is obtained by D ¼ EI while for couple-stress continuum it
is obtained by Eq. (33). In order to ﬁgure out the size effects and alsoto assess the couple-stress continuum formulation of the cellular
materials developed in this paper, we compared the results with
the ‘‘exact” discrete simulations. The discrete simulations are per-
formed using the ﬁnite element analysis of the cell structures with
each cell wall modeled by an Euler beam element.
The number of plies that is determined by H=L, presents the ra-
tio of macrostructures to microstructures. The maximum deﬂec-
tions are plotted versus the number of the plies (Fig. 15). Our
data show that when the height of the beam is comparable with
the size of the cell, the classical beam theory cannot mimic the
structural response correctly while the couple-stress beam theory
shows precise accuracy for the description of the deformation.
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Fig. 15. Maximum deﬂection of cellular beams versus the number of plies. (a) square grid beams; (b) mixed triangular grid beams.
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the exact discrete results nearly coincide (Fig. 15). As the number
of the plies increases, the classical results are getting close to the
couple-stressed results gradually. When the number is larger than
8, the difference is small enough to ignore. In other words, the size
effects are negligible and the couple-stress continuum turns into
the classical continuum. This phenomena appears to be very simi-
lar to those reported earlier by Dai and Zhang (2008) on the sand-
wich multilayered beams.
The size effects of the beam structure can be quantiﬁed by Eq.
(38). When the number is small, d is large. As the number in-
creases, d decreases steeply (Fig. 16). If the number is larger than
10, d is approximately to zero, and the size effects can be ignored.
In fact, the real factors affecting the size effect is the size ratio of
the macrostructures to the characteristic lengths. In Fig. 16 we also
show the ratio H=lE versus the number of the plies. Approximately,
the classical beam theory can describe the response correctly when
that ratio is more than 40 in the bending analysis. Thus the discus-
sion of the characteristic lengths provides an alternative guide for
the choice of beam models.
It should be pointed out that this paper only copes with the
micropolar effect in the bending deformation of beams. Neverthe-
less, the real size effects are usually the resultant actions of both
the edge effects and the micropolar effects (Anderson and Lakes,
1994). The beam becomes stiffer under the micropolar effects
while it becomes less stiff under the edge effects. Therefore it is
necessary to judge which one is more dominant.6. Conclusion
In this paper, we have computed the effective couple-stress
continuum properties of cellular solids based on the equivalent
strain energy approach. The boundary conditions and the corre-
sponding formulations for each component of the effective con-
stitutive matrix are proposed. Besides, the deﬁnition of the
characteristic length is generalized to the orthotropic couple-
stress continuum with the engineering constants. The ﬁndings
indicate that the characteristic lengths are affected by the rela-
tive density, the size and the microstructures of the base cell.
As an application, the size effects in the cellular beam struc-
tures are discussed. Results indicate that the couple-stress con-
tinuum model can grasp the size effect successfully while the
classical beam model describes the response precisely only
when the height of beam is much larger than the characteristic
lengths.Acknowledgements
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stress theory
With neglect of the thermal effect, the constitutive equations
for a linear isotropic Cosserat elastic solid are (Eringen, 1999)
rkl ¼ kerrdkl þ ð2lþ jÞekl þ jeklmðxm  /mÞ
mkl ¼ a/r;rdkl þ b/k;l þ c/l;k ð40Þ
in which rkl is the stress tensor, mkl is the couple stress tensor, ekl is
the small strain tensor, and eklm is the permutation symbol. The
usual Einstein summation convention for repeated indices is used
and the comma denotes differentiation with respect to spatial coor-
dinates indicated by the subscripts. There are six independent elas-
tic constants in the isotropic Cosserat elastic: a;b; c;j;l and k,
where k and l are the classical Lame elastic constants.
Cowin (1970) deﬁned a dimensionless coupling number N for
the transition between the classical theory and the Cosserat theory.
N 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
j=2ðlþ jÞ
p
ð41Þ
N ¼ 0 for classical elasticity, 0 < N < 1 to the Cosserat theory range
and, N ¼ 1 to the couple-stress theory.
Using the above parameters, the engineering constant E and G
are deﬁned by
E  ð2lþ jÞð3kþ 2lþ jÞ2kþ 2lþ j
G  lþ j2
ð42Þ
For N ¼ 1;G ¼ 0, which is not possible. Moreover, for N ¼ 1; E also
vanishes, indicating a serous problem (Eringen, 1999).
Appendix B. Characteristic lengths of the two-phase composite
material
Ostoja-Starzewski and his collaborators (Ostoja-Starzewski
et al., 1999; Bouyge et al., 2001, 2002) as well as Bigoni and Drugan
(2007) discussed the characteristic lengths of an elastic matrix
containing a dispersion of circular inclusions (Fig. 17) respectively,
whereas they have reached some conﬂicting results. Here we com-
pute the same example by the developed method. We use the same
parameter values as the above references of mi ¼ mm ¼ 0:3 and
f ¼ 0:184, where f denotes the volume fraction of the inclusion,
subscript ‘‘i” and ‘‘m” denote the parameter of the inclusion and
the matrix, respectively. The effective characteristic lengths versus
the mismatch of Ei=Em are shown in Fig. 18 as well as the analytical
solutions (Bigoni and Drugan, 2007).
Compared with solutions in references, our results have the
same trend with those analytical solutions that the characteristic
lengths correctly approach to zero when the elastic mismatch dis-
appears (while an opposite trend is found in Ostoja-Starzewski
et al., 1999 as mismatch decreases). In practice, the continuity con-Lr
Fig. 17. Sketch of the base cell of a two-phase composite material.dition of strain is only approximately satisﬁed since there is no
strain gradient on the base cell in the method of the references (Os-
toja-Starzewski et al., 1999; Bouyge et al., 2001); thus a little error
will be introduced in some cases. On the other hand, there are two
differences between the analytical solutions and our results: (1)
lE–lG in our results; and (2) the values of our results are larger than
that analytical solutions more or less and, only approximately
equal zero at Ei ¼ Em. In fact, the assumption of dilute inclusions
for the analytical solution is violated in the present example since
the inclusion volume fraction is large enough. Thus the effective
homogeneous continuum is not strictly isotropic and lE–lG. For
the second difference: the present work is based on the analysis
of RVE with the prescribed displacement boundary conditions,
which always overestimates the effective stiffness properties (Pec-
ullan et al., 1999). Reﬁning the ﬁnite element mesh and using the
RVE containing more cells will improve the accuracy of effective
properties to some extent.
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